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Abstract 

We study low-dimensional representations of matrix groups over gen- 
eral rings, by considering group actions on CAT(O) spaces, spheres and 
acyclic manifolds. 

1 Introduction 

Low-dimensional representations are studied by many authors, such as Gural- 
nick and Tiep [M] (for matrix groups over fields), Potapchik and Rapinchuk 
[30] (for automorphism group of free group), Dokovic and Platonov [18] (for 
Aut(F 2 )), Weinberger [35] (for SL„(Z)) and so on. In this article, we study 
low-dimensional representations of matrix groups over general rings. Let R be 
an associative ring with identity and E n (R) (n > 3) the group generated by ele- 
mentary matrices (cf. Section ^. II) . As motivation, we can consider the following 
problem. 

Problem 1. For n > 3, is there any nontrivial group homomorphism E n (R) — > 
E n -x{R)? 

Although this is a purely algebraic problem, in general it seems hard to 
give an answer in an algebraic way. In this article, we try to answer Prob- 
lem [T] negatively from the point of view of geometric group theory. The idea 
is to find a good geometric object on which E n _i(R) acts naturally and non- 
trivially while E n (R) can only act in a special way. We study matrix group 
actions on CAT(O) spaces, spheres and acyclic manifolds. We prove that for 
low-dimensional CAT(O) spaces, a matrix group action always has a global fixed 
point (cf. Theorem [T]) and that for low-dimensional spheres and acyclic mani- 
folds, a matrix group action is always trivial (cf. Theorem [3]). Based on these 
results, we show that the low-dimensional representation of matrix groups are 
quite constrained (cf. Corollary [2]) and give a negative answer to Problem [TJ for 



some rings R (cf. Corollary [3]). Moreover, these results give generalizations of a 
result of Farb |21j concerning Chevalley groups over commutative rings acting 
on CAT(O) spaces and that of Bridson and Vogtmann [TS], Parwani and 
Zimmermann |39j concerning the special linear groups SL„(Z) and symplectic 
groups Sp 2n (Z) acting on spheres and acyclic manifolds. 

We now consider group actions on CAT(O) spaces. A group G has Serre's 
property FA if any G-action on any simplicial tree T has a global fixed point. 
Recall from Farb [21] that for an integer n > 1, a group G is said to have property 
FA„ if any isometric G-action on any rt-dimensional CAT(O) cell complex X has 
a global fixed point. The property FAi is Serre's property FA. If a group G has 
property FA„ then it has property FA m for all m < n. Farb [21j proves that when 
a reduced, irreducible root system $ has rank r > 2 and R is a finitely generated 
commutative ring, the elementary subgroup E($>, R) of Chevalley group G(<&, R) 
has property FA r _i . This gives a generalization of a result obtained by Fukunaga 
[2"5] concerning groups acting on trees. The group actions on CAT(O) spaces 
and property FA n have also been studied by some other authors. For example, 
Bridson [TO] E] proves that the mapping class group of a closed orientable 
surface of genus g has property FA fl _i. The group action on CAT(O) spaces 
of automorphism groups of free groups is studied by Bridson [12]. Barnhill |7J 
considers the property FA„ for Coxeter groups. 

In this article, we prove the property FA„ for matrix groups over any ring 
(not necessary commutative). Without otherwise stated we assume that a ring 
is an associative ring with identity. Let R be such a ring and n > 3 an integer. 
Recall the definition of the elementary group E n (R) generated by elementary 
matrices and the unitary elementary group EU2n{R, A) generated by elementary 
unitary matrices from Section 13.11 When R is a ring of integers in a number 
field and n > 3, the group E n {R) is the special linear group SL n (i?). For dif- 
ferent choices of parameters A, the group EU-2 n {R,h) contains as special cases 
the elementary symplectic groups, the elementary orthogonal groups and the 
elementary unitary groups. 

Watatani lj proves that a group with Kazhdan's property (T) has Serre's 
property FA. Ershov and Jaikin-Zapirain [19] proves that for a general ring R 
and an integer n > 3, the elementary group E n {R) has Kazhdan's property (T). 
It follows that E n (R) has Serre's property FA. Our first result is the following. 

Theorem 1. Let R be any finitely generated ring and n > 3 an integer. Suppose 
that E n (R) (resp., EU2n(R, A)J is the matrix group generated by all elementary 
matrices (resp., elementary unitary matrices). Then the group E n (R) (resp., 
EU 2n (R,k)) has property FA„_ 2 (resp., FA n _i ). 

When R is commutative, Theorem [T] recovers partially the results obtained 
by Farb [21] for Chevalley groups. The dimension in Theorem [T] is sharp, since 
the group SL„(Z[l/p]) acts without a global fixed point on the affine building 
associated to SL„(Q p ) and this building is an {n — l)-dimensional, nonpositively 
curved simplicial complex. 

Remark 1. The property FA„_2 of E n (R) obtained in Theorem [T] can be 
viewed as a higher dimensional generalization of Serre's property FA for some 
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Kazhdan's groups. However, it is not clear that every unitary elementary group 
EU2n(R, A) also has Kazhdan's property (T) (for property (T) of groups defined 
by roots, see Ershov, Jaikin-Zapirain and Kassabov [2"U]). 

We consider property FA^ for general linear groups GL„(i?) over a general 
ring R. For this, we have to introduce notions of AT-groups Ki(R), KUi(R, A), 
the stable range sr(i?) and the unitary stable range Asr(i?, A) (for details, see 
Section [3.2p . The stable range is not bigger than most other famous dimensions 
of rings, e.g. absolute stable range, 1+ Krull dimension, 1+ maximal spectrum 
dimension, 1+ Bass-Serre dimension. When R is a Dedekind domain, the stable 
range sr(i?) < 2. When G is a finite group and Z[G] the integral group ring, the 
stable range sr(Z[G]) < 2. The next theorem gives a criterion when the general 
linear group GL„(i?) has property FA^. 

Theorem 2. (i) Let R be a finitely generated ring with finite stable range 
d = sr(R). Suppose that n > d + 1 and the K -group K\(R) has property 
FA„_2 (e.g. K\(R) is finite). Then the general linear group GL„(i?) has 
property FA„_ 2 - 

(ii) Let (R, A) be a form ring over a finitely generated associative ring R with 
a finite A-stable range d — Asv(R). Suppose that n > d + 1 and the K- 
group KUi(R, A) has property FA„_i (e.g. KU\(R) is finite). Then the 
unitary group U2n(R, A) has property FA„_i. 

Note that the stable range of a ring A of integers in a number field is 2 and 
the group Ki(A) is A*, the group of invertible elements in A (cf. 11.37 in [26]). 
According to Theorem [5J for any ring A of integers in a number field with A* 
finite, the general linear group GL n (A) has property FA„_ 2 for n > 3. Let G 
be a finite group and Z[G] the integral group ring over G. As a corollary to 
Theorem [21 we get a criterion when the general linear group GL n (Z[G]) has 
property FA„_ 2 . 

Corollary 1. Suppose that G is a finite group with the same number of ir- 
reducible real representations and irreducible rational representations. Then 
Ki(L[G\) is finite and for any integer n > 3, the general linear group GL rl (Z[G]) 
has property FA„_2- 

For example, when G is any symmetric group (cf. page 14 in 28 ), the 
general linear group GL„(Z[G]) has property FA„_2 for n > 3. 

We consider the stable elementary groups E(R) and EU (R, A) acting on 
a locally finite CAT(O) cell complex. Recall from Section 13.11 that the stable 
elementary group E(R) is a direct limit o{E n (R) (n > 2) and similarly the stable 
elementary unitary group EU(R, A) is a direct limit of EU2 n (R, A) (n > 2). The 
following result is obtained: 

Proposition 1. Let R be any finitely generated ring. Then any simplicial 
isometric action of E(R) or EU(R, A) on a uniformly locally finite CAT(O) cell 
complex is trivial. 



3 



When R = Z (so E(R) = SL(Z)), this is a result proved by Chatterji and 
Kassabov (cf. Corollary 4.5 in [16]). 

As the representations of groups with property FA„ are quite constrained, we 
obtain that for integers k > n the elementary group Ek+i(R) and the unitary 
elementary group -E£/ 2 fc(-R, A) are groups of integral n- representation type as 
follows. This theory was introduced and studied by Bass j6j. When the ring R 
in the second group of Problem [T] is a field, we have the following. 

Corollary 2. Let R be a finitely generated ring and an integer n > 2. For an 
integer k > n, let T be the elementary group Ek+i(R) or the unitary elementary 
group EU2k{R,&) (for EU^kiRi A), we assume that k > max{n, 3}). Let p : 
r — > GL n (K) be any representation of degree n over a field K . Then 

(i) the eigenvalues of each of the matrices in p(T) are integral. In particular 
they are algebraic integers if the characteristic char(A') = and are roots 
of unity if the characteristic char(i^) > 0; and 

(ii) for any algebraically closed field K, there are only finitely many conjugacy 
classes of irreducible representations ofT into GL n (K). 

We now consider group actions on manifolds. The following conjecture is 
from Farb and Shalen [22], which is related to Zimmer's program (see [571 155] ). 

Conjecture 1. Any smooth action of a finite-index subgroup o/SL n (Z), where 
n > 2, on a r-dimensional compact manifold M factors through a finite group 
action if r < n — 1. 

Parwani [29 considers this conjecture for the group SL„(Z) itself and M is a 
sphere. The idea is to use the theory of compact transformation groups to show 
that some sufficiently large finite subgroups cannot act effectively on M, and 
then to use the Margulis finiteness theorem to show that any SL ra (Z)-action on 
M must be finite. Such techniques are also used several times by many other 
authors, e.g. the proof of trivial actions of SL n (Z) on tori by Weinberger in [55] . 
the proof of the trivial action of SL(Z) on compact manifolds by Weinberger in 
[36] (Proposition 1), the proof of trivial actions of SL„(Z) on small finite sets 
by Chatterji and Kassabov in |16] (Lemma 4.2) and so on. Zimmermann [3 7) 
actually proves that any smooth action of SL„(Z) on small spheres is trivial. 
It is natural to consider other kinds of group actions on compact manifolds. 
Zimmermann |40) proves a similar trivial action of the symplectic group Sp 2 „ (Z) . 
The group action of Aut(F„), the automorphism group of a free group, on 
spheres and acyclic manifolds is considered by Bridson and Vogtmann |15] and 
similar trivial-action results are obtained. More precisely, they show that for 
n > 3 and d < n — 1, any action of the special automorphism group SAut(i 7 "„) 
by homeomorphisms on a generalized <i-sphere over Z 2 or a (d+ l)-dimensional 
Z2-acyclic homology manifold over Z 2 is trivial. Hence the group Aut(F n ) can 
act only via the determinant map det : Aut(F n ) — > Z 2 . In this article, we notice 
that the Margulis finiteness theorem is not necessary for such problem. Actually, 
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we get a much more general result for the actions of matrix groups over any 
general ring, as follows. 

Theorem 3. Let R be any ring and n > 3 be an integer. Suppose that E n {R) 
(resp. EU2 n (R,K)) is the matrix group generated by all elementary matrices 
(resp. elementary unitary matrices). Then we have that 

(a) (i) for an integer d < n — 2, any action of E n (R) by homeomorphisms on a 

generalized d-sphere over Z 2 is trivial; 

(ii) for an integer d < n — 1, any action of E n (R) by homeomorphisms on a 
d-dimensional 1i2-acyclic homology manifold (i.e. has the ^-homology of 
a point) is trivial. 

(b) (i) for an integer d < n — 2 when n is even or d < n — 3 when n is odd, any 

action of E n (R) by homeomorphisms on a generalized d-sphere over Z3 is 
trivial; 

(ii) for an integer d < n — 1 when n is even or d < n — 2 when n is odd, 
any action of E n (R) by homeomorphisms on a d-dimensional "L^-acyclic 
homology manifold (i.e. has the Z 3 -homology of a point) is trivial. 

(c) The statements (a) and (b) also hold for EL T 2n(R 1 A) instead of E n (R). 

When the ring R = Z and E n (R) = SL„(Z), the above theorem recovers the 
results obtained by Bridson and Vogtmann |15) , Parwani |29j and Zimmermann 
[39j . The dimensions in (a) and those in (b) with even n of Theorem[3]are sharp, 
since the group SL„(Z) = E n (Z) (n > 3) can act nontrivially on the standard 
sphere and the Euclidean space K™. 

If the parameter A in the definition of form ring (R, A) contains the identity 
1 e ii, we can get an improvement of Theorem [3] as following. 

Theorem 4. Let (R, A) be a form ring. Suppose that 1 £ A. Then we have that 

(i) for an integer d <2n — 2, any action of EU2n{R, A) by homeomorphisms 
on a generalized d-sphere over Z3 is trivial; 

(ii) for an integer d < 2n—l, any action of EU2 n {R, A) by homeomorphisms on 
a d-dimensional "L^-acyclic homology manifold (i.e. has the 7*3-homology 
of a point) is trivial. 

When the ring R = Z and EU2n{R 1 A) = Sp 2n (Z), the above theorem recov- 
ers a result obtained by Zimmermann in |40j . Considering the nontrivial actions 
of the symplectic group Sp 2 „(Z) on S 2n ~ 1 and R 2n , we see that the dimensions 
in Theorem |4] are sharp. 

As an easy corollary of Theorem[3]and Theorem^ we have a negative answer 
to Problem Q] when R is a subring of the real numbers K. 

Corollary 3. Let R be a general ring and S a commutative ring. Assume that 
A is a subring of the real numbers R and n > 3. Then 
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(i) any group homomorphism 



E n {R) E n _i{A) 

is trivial; 
(ii) any group homomorphism 

Sp 2 „(<5) -> Sp 2( „_ 1} (A) 

is trivial. 

As an easy corollary of Theorem [3] and Theorem |U we see that the group 
E{R) or EU(R,A) cannot act nontrivially by homeomorphisms on any gen- 
eralized d-sphere or Z2-acyclic homology manifold. Actually, on any compact 
manifold, the following theorem shows that there are no nontrivial actions of 
E(R) and EU(R,A). 

Theorem 5. Let R be any ring, E{R) and EU(R,A) the stable elementary and 
unitary elementary groups. Then the group E(R) or EU(R,A) does not act 
topologically, nontrivially, on any compact manifold, or indeed on any manifold 
whose homology with coefficients in a field of positive characteristic is finitely 
generated. 

When R = Z and E(R) = SL(Z), Theorem |5] is Proposition 1 in [36]. 

Remark 2. Let R be any ring and n > 3. The author believe that the same 
results in this article hold as well for the Steinberg group St n (R) (resp., the uni- 
tary Steinberg group USt n (R, A)) instead of the elementary group E n {R) (resp., 
the unitary elementary group EU n (R, A)). This is because in the proofs(cf. last 
section) , only commutator formulas are used and these formulas hold as well for 
Steinberg groups (resp., unitary Steinberg groups). 

In Section 2, we give some basic facts of CAT(O) spaces and homology man- 
ifolds. In Section 3, we introduce the notions of elementary groups E n (R), 
EUi n {R->A), Steinberg groups, the algebraic ivf-groups K\, KU% and the stable 
ranges. The results in the introduction will be proved in Section 4. 

2 Notations and basic facts 

Standard assumptions. In this article, we assume that all the rings are 
associative rings with identity. All the CAT(O) spaces are complete and all 
actions on them are isometric and semisimple. When we talk about groups 
with properties FA n , we always assume that the groups are finitely generated. 
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2.1 CAT(O) spaces and property FA 



Let (X, dx) be a geodesic metric space. For three points x,y,z £ X, the geodesic 
triangle A(x,y,z) consists of the three vertices x,y,z and the three geodesies 
[x, y], [y, z] and [z, x}. Let K 2 be the Euclidean plane with the standard distance 
dR2 and A a triangle in M 2 with the same edge lengths as A. Denote by (p : A — > 
A the map sending each edge of A to the corresponding edge of A. The space 
X is called a CAT(O) space if for any triangle A and two elements a, b £ A, we 
have the inequality 

d x (a,b) < dsa(ip(a),(p(b)). 

The typical examples of CAT(O) spaces include simplicial trees, hyperbolic 
spaces, products of CAT(O) spaces and so on. From now on, we assume that X 
is a complete CAT(O) space. Denote by Isom(A) the isometry group of X. For 
any g £ Isom(A), let 

Minset(g) = {x £ X : d(x,gx) < d(y,gy) for any y £ X} 

and let r(g) = inf xe x d(x,gx) be the translation length of g. When the fixed- 
point set Fix(g) ^ 0, we call g elliptic. When Minset(g) ^ and dx(x,gx) — 
r(g) > for any x £ Minset(p), we call g hyperbolic. The group element g 
is called semisimple if the minimal set Minset(g) is not empty, i.e. it is either 
elliptic or hyperbolic. By a CAT(O) complex, we mean a CAT(O) cell complex 
of piecewise constant curvature with only finitely many isometry types of cells. 
For more details on CAT(O) spaces, see the book of Bridson and Haefliger [14] . 

The following definition of property FA„ and strong FA„ property were given 
by Farb [H] as a generalization of Serre's property FA. 

Definition 1. Let n > 1 be an integer. A group T is said to have property 
FA n if any isometric T-action on any n-dimensional, CAT(O) cell complex X 
has a global fixed point. A group T is said to have strong FA„ property if any 
T-action on a complete CAT(O) space X satisfying the following two properties 
has a global fixed point. 

(i) n-dimensionality: The reduced homology group H n (Y; Z) = for all open 
subsets Y C X. 

(ii) Semisimplicity: The action of T on X is semisimple, i.e., the translation 
length of each g £ T is realized by some x £ X. 

When n = 1, the property FAi corresponds with Serre's property FA. Since 
any isometric action on a CAT(O) cell complex must be semisimple (cf. page 
231 in [2]), we see that strong FA„ implies FA„. The following lemma contains 
some general facts on FA„ (see pages 1578-1579 in [5T] for more details). 

Lemma 1. The following properties hold: 

(1) If G has property FA„ then G has FA m for all m < n. 

(2) If G has FA„ then so does every quotient group of G. 
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(3) Let H be a normal subgroup of G. If H and G/H have FA„ then so does 
G. 

(4) If some finite index subgroup H of G has FA„, then so does G. 

2.2 Homology manifolds and Smith theory 

Since the fixed-point set of a finite-period homeomorphism of a manifold is not 
necessary a manifold any more, we are working with generalized manifolds. All 
homology groups in this subsection are Borel-Moore homology with compact 
supports and coefficients in a sheaf A of modules over a principal ideal domain 
L. All the concepts below are from Bredon's book [5]. Let X be a locally finite 
CW-complex and A be the constant sheaf X x L (simply denoted by L). The 
homology groups H£(X) of X are isomorphic to the singular homology groups 
with coefficients in L (cf. page 279 in [S]). 

Let L be the integers Z or the finite field Z p for a prime p. The following 
definition is from page 329 in [S] (see also Definition 4.1 of [T3]). 

Definition 2. An m-dimensional homology manifold over L (denoted m-hmt) 
is a locally compact Hausdorff space X with finite homological dimension over 
L that has the local homology properties of a manifold of dimension m. 

The homology spheres and homology acyclic manifolds are defined as follows 
(cf. Definition 4.2 and 4.3 of [H]). 

Definition 3. Let S n be the standard n-dimensional sphere. If X is an m-hm^ 
and H£(X;L) = H^(S m ;L) then X is called a generalized m-sphere over L. If 
X is an m-hnu with Hq(X; L) = L and H^(X\ L) = for k > 0, then X is said 
to be L-acyclic. 

The following "global" Smith theorem was originally proved by P. A. Smith 
(|31j. |32)h Here we follow the exposition in Bredon's book [9 . The following 
lemma is a combination of Corollary 19.8 and Corollary 19.9 (page 144) in [9 
(see also Theorem 4.5 in [15]). 

Lemma 2. Let p be a prime and X be a locally compact Hausdorff space of 
finite dimension over Z p . Suppose that Z p acts on X with fixed-point set F. 

(i) If Hl(X-7L v ) HZ(S m ;Z p ), then H C ,{F;Z P ) S H^(S r ;Z p ) for some r 
with —l<r<m. If p is odd, then r — m is even. 

(ii) If X is Z p -acyclic, then F is Z p -acyclic (in particular nonempty and con- 
nected). 

3 Elementary groups and i^-theory 

3.1 Elementary groups and Steinberg groups 

In this subsection, we briefly recall the definitions of the elementary subgroups 
E n (R) of the general linear group GL ra (i?), the unitary elementary subgroup 
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EU2 n (R, A) of the unitary group [/2n(-R, A) and the Steinberg groups St n (i?). 
For more details, see the book of Magurn [26], the book of Hahn and O'Meara 
[2"5] and the book of Bak [2J. We define the groups GL„(i?) and E n {R) first. 
Let R be an associative ring with identity and n > 2 be an integer. The general 
linear group GL„ (i?) is the group of all n x n invertible matrices with entries in 
R. For an element r G R and any integers i,j such that 1 < i ^ j < n, denote 
by eij (r) the elementary n x n matrix with 1 in the diagonal positions and r in 
the (i, j)-th position and zeros elsewhere. The group E n {R) is generated by all 
such eij(r), i.e. 

E„{R) = (ey(r)|l <i^j<n,r£R). 

Denote by /„ the identity matrix and by [a, b] the commutator aba~ 1 b~ 1 . 

The following lemma displays the commutator formulas for E n {R) (cf. Lemma 
9.4 in [!)]). 

Lemma 3. Let R be a ring and r, s G R. Then for distinct integers i,j, fc, I with 
1 < hi, k,l <n, the following hold: 

(1) e tJ (r + s) = e lj (r)e lj (s); 

(2) [eij(r),e jk (s)} = e ik (rs); 

(3) [eij(r),e kl (s)} = I n . 

By Lemma[31 the group E n (R) is finitely generated when the ring R is finitely 
generated. Moreover, when n > 3, the group E n (R) is normally generated by 
any elementary matrix e^(l). We will use such fact several times in Section 4. 

The commutator formulas can be used to define Steinberg group as follows. 
For n > 3, the Steinberg group St n (R) is the group generated by the symbols 
{xij(r) :l<i^j<ii,r£ R} subject to the following relations: 

(Stl) Xij(r + s) = Xij(r)xij(s); 

(St2) [eij(r),e jk (s)} = e lk (rs) for i ^ k; 

(St3) [eij(r),e k i(s)] = 1 for i ^ k. 

There is an obvious surjection St„(i?) — > E n (R) defined by Xij(r) i — > ejj(r). 

For any ideal I < R, let p : R — > R/I be the quotient map. Then the map p 
induces a group homomorphism p» : St„(i?) — > St n (R/I). Denote by St n (i?, /) 
(resp., E n (R,I)) the subgroup of St n (R) (resp., E n (R)) normally generated by 
elements of the form Xij(r) (resp., (r)) for r £ I and 1 < i ^ j < n. In fact, 
St„(i?, /) is the kernel of (cf. Lemma 13.18 in Magurn [5^ and its proof). 
However, E n (R,I) may not be the kenel of E n (R) — > E n (R/I) induced by p. 

We define the groups U2 n (R, A) and EU^niR,^) as follows. Let i? be a 
general ring and assume that an anti-automorphism * : x > x* is defined on 
R such that x** — exe* for some unit e = e" 1 of R and every x in i?. It 
determines an anti-automorphism of the ring M n R of all nx n matrices (xij) 
hy{x ij )* = {x* ji ). 

Set R e — {x — x*e\ x 6 R} and i? £ = {x £ i? | x = — x*e}. If some additive 
subgroup A of (R, +) satisfies: 
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(i) r*Ar C A for all r G R; 

(ii) R E cAc 

we will call A a form and (A, *,e) a form parameter on R. Usually (R, A) is 
called a form ring. Let A„ = {(ay) G M„i?| a»j = —a*^ for i 7^ j and G A}. 
As in [2], for an integer n > 1 we define the unitary group 

£/ 2 „(i?, A) = H " £ J e G£ 2nJ R I a*<5 + 7 *e/3 = /„, a*7, p*5 G A„ 

Sometimes, the unitary group £/2n(-R)A) is also called the quadratic group [2] 
or the pseudo-orthogonal group [34 . 

It can be easily seen that the inverse of a unitary matrix has the form 

a p \ ~ l _ ( e*5*e e*/3* 
7 5 J ~ \ 7*e a* 

The unitary group U2n(R,A-) has many important special cases, as follows. 

• When A = R, U2 n (R,A) is the symplectic group. This can only hap- 
pen when e = — 1 and * = ida (R is commutative) the trivial anti- 
automorphism. 

• When A = 0, U2 n (R, A) is the ordinary orthogonal group. This can only 
happen when e = 1 and * = id# (R is commutative) as well. 

• When A = R £ and * ^ idu, U2 n (R,A) is the classical unitary group 

U 2n = {Ae GL 2n R\ A*<p n A = ip n }, 

where 



/„ 

el n 



Let Eij denote the n x n matrix with 1 in the («, j)-th position and zeros 
elsewhere. Then (a) = I n + aEij is an elementary matrix, where /„ is the 
identity matrix of size n. With n fixed, for any integer 1 < k < 2n, set ok = k+n 
if k < n and ak — k — n if k > n. For a € R and 1 < i 7^ j < 2n, we define the 
elementary unitary matrices pi >C ri(a) and Pij{a) with j ^ ai as follows: 

• Pi,ai{o) = l2n + 0-Ei,ai with a G A when n + 1 < i and a* G A when i < n; 

• Pij(a) = Paj : <ji(-a') = hn + aE^ - a'E a]tC!i with a' = a* when i, j < n; 
a' = e*a* when i < n < j; a' = a*e when j < n < i; and a' = e*a*e when 
n + 1 < 

The following lemma displays the commutator formulas for EU n (R, A) (cf. 
Lemma 2.1 in |34j ) 



10 



Lemma 4. The following identities hold for elementary unitary matrices (1 < 
i ^ j < 2n) : 

1) . pij(a + b) = pij{a)pij(b); 

2) . [pij(a), Pjk(b)] — Pik(ab) when i, j, k, ai, aj, ak are distinct; 

3) . [pij(a), pj ya i{b)] = Pi t ai{ab — c) when j ^ ai, where c = b*a*e when 
n + 1 < i and c — e*b*a* when i < n; 

4) . [pij(a), Pj,aj(b)] = Pi,crjiflb)pi ta i{c) when j 7^ ai, where b* £ A and 
c = aba* when i,j < n, 6* £ A and c — aba*e when j < n < i, b S A and 
c = —ab*a* when i < n < j, b 6 A and c = —ab*a*e when n + 1 < i,j. 

When the ring R is finitely generated and A/R e is a finitely generated R- 
module by right multiplications, the above commutator formulas show that 
E n (R,A) is finitely generated (cf. [25], Section 9.2B). Our later discussions will 
base on the following lemma. 

Lemma 5. Let R be a ring and assume that the characteristic of R is not 2. For 
two integers i,j such that 1 < i ^ j < n, let Aij be the diagonal matrix whose 
{i,i)-th and (j,j)-th entries are —1 and other diagonal entries are 1. Then the 
subgroup generated by the elements 

Al2, A23, . . . , A n -l,n 

in E n (R) is isomorphic to the abelian group x ••■ x Zo, i.e. 

n — 1 copies of groups of two elements. 

Proof. First note that there is an equality 

Ax 2 = ei 2 (l)e2i(-l)ei2(l)ei2(l)e 2 i(-l)ei2(l), 

which shows A12 in an element of E n (R). Similar arguments show that all other 
elements Ai^ + i are also in E n (R). It is not hard to see that the elements are 
pairwise commutative and the subgroup generated is isomorphic to the n — 1 
copies of Z 2 . □ 

Theorem 6. Let R be a ring with identity and n > 3 an integer. Suppose that 
the characteristic of R is not 2 and G is a normal subgroup in E n (R) containing 
a noncentral element in the subgroup generated ZI?" 1 by A12, A23, . . . , A„_i.„ in 
Lemma\^ Then G contains E n (R,2R) as a normal subgroup, i.e., 

E n (R, 2R) < G. 

Proof. Let A G G be a noncentral element of E n (R) in Zj" 1 , the subgroup gen- 
erated by A12, A23, . . . , A n ~\^ n . In other words, A ^ diag(l, . . . , 1), diag(— 1, . . . , — 1). 
Without loss of generality, we assume that the first three diagonal entries of A 
are 1,-1,-1 in order. Then for any element r £ R, we have that the matrix 
ei2(2r) is the product 

e 12 {r) ■ A ■ e 12 (-r) ■ A' 1 , 

which is an element in G. By the commutator formulas in Lemma El we see that 
for any two integers i,j with 1 < i ^ j < n, the matrix dj(2r) E G. This shows 
that E n (R, 2R) is a normal subgroup of G. □ 
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3.2 i^-theory and stable ranges 

In this subsection, we briefly recall the definitions of algebraic K x and unitary 
K U\ groups. The standard references are also the textbook of Magurn [25J (for 
K x ), the book of Hahn and O'Meara [25] and the book of Bak [2] (for KUi). 

We define K\ first. For a ring R, let GL„(i?) — > GL n+ i(i?) be the inclusion 
defined by 

The group GL(R) is defined to be the direct limit of 

GLx(i?) c GL 2 (i?) c • • • C GL n (R) c • • • . 

Similarly, the group E(R) is the direct limit of 

E 2 (R) C E 3 (R) C ■ ■ ■ C E n (R) C ■ ■ ■ . 

According to the Whitehead lemma, the group E(R) is normal in GL(R). The 
if-theory group Kx(R) is defined as GL(R)/E(R). 

The stable range sr(R) is defined as follows. Let n be a positive integer 
and R n the free i?-module of rank n with standard basis. A vector (oi, . . . , a n ) 
in R n is called right unimodular if there are elements b\ , . . . , b n £ R such that 
eii&i + • • ■ + a n b n = 1. The stable range condition sr m says that if (oi, . . . , a m +i) 
is a right unimodular vector then there exist elements b% , . . . , b m £ R such that 
(ai + a m +i6i, . . . , a m + a m +ib m ) is right unimodular. It follows easily that 
sr m =>■ sr n for any n > m. The stable range sr(i?) of i? is the smallest number 
rn such that sr m holds. If R is commutative, the Krull dimension Kdim(i?) of 
R is the number of steps r in a longest chain of prime ideals 

A Q g A x g • • • g A r 

in i?. It is well-known that sr(i?) < Kdim(i?) + 1 (cf. Section 4E of [25]), When 
i? is a Dedekind domain, then sr(i?) < 2. When G is finite and R is a Dedekind 
domain, the stable range sr(i?[G]) < 2 (cf. 41.23 of page 98 in [T7]). The stable 
range is not bigger than most other famous ranges, e.g. absolute stable range, 
1+ maximal spectrum dimension, 1+ Bass-Serre dimension (cf. [4,) and so on. 
The following result on stabilization of K\ is Theorem 10.15 in [25]. 

Lemma 6. Let R be a ring of finite stable range sr(i?). Then for an integer 
n > sr(i?) + 1, the natural map 

GL n {R)/E n {R) -y K X {R) 

is an isomorphism. 

We define the unitary i^-group KUi as follows. There is an obvious embed- 
ding 

U 2n (R,A)^U 2{n+1) (R,A), 
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Using this map, we shall consider U~2 n (R,A) as a subgroup of U 2 ( n +i) {R> A). 
Similarly, define C/(-R, A) as the direct limit of 

U 2 (R,A) c l7 4 (i2,A) c ••• c U 2n (R,A) c ••• 

and E(R,A) as the direct limit of 

£H7 2 (i2) C EU±(R) C • • • C EU 2n (R) C • • • . 

The unitary if -theory group KUi{R,K) is defined as U(R,A)/E(R,A). 

The A-stable range condition Asr m of Bak and Tang [3] says that R satisfies 
sr m and given any unimodular vector (ax, . . . , a m +i, bi, . . . , b m +i) G i? 2 ( m+1 ) 
there exists a matrix 7 G A m +i such that (oi, . . . , Om+i) + Q>i, ■ ■ ■ , &m+i)7 is 
unimodular. By [3J, Asr m =>■ Asr„ for all n > m. The A-stable range Asr(i?) of 
(J?, A) is the smallest number m such that Asr m holds. In general, the A-stable 
range is also not bigger than 1+ Bass-Serre dimension (cf. [4]). 

The following result on stabilization of KU\ was proved by Bak and Tang 
in [3J. 

Lemma 7. Let (R,A) be a form ring with finite A-stable range Asx(R). Then 
for an integer n > Asv(R) + 1 the natural map 

U 2n {R, A)/EU 2n (R, A) -)• KUt(R,A) 



is an isomorphism. 



4 Proof of Theorems 

In this section, we prove the results presented in Section [T] 
4.1 Group actions on CAT(O) spaces 

In order to prove Theorem [U we need the following lemma. This is a gen- 
eralization of Proposition 2 in [33J, which is stated for Chevalley groups over 
commutative rings. Recall that the permutation er is defined in Section 13.11 

Lemma 8. (i) Let R be a general ring. Then for any integer n > 3, 1 < i ^ 
j < n, an element r G R and any elementary matrix eij(r) € E n (R), there 
exists a nilpotent subgroup U C E n (R) such that eij (r) G [U, U] . 

(ii) Let (R, A) be a form ring over a general ring R. Then for any integer 
n>3, l<i^j< 2n, an element r G R and any elementary matrix 
Pijir) G EU2n(R, A) (when i = aj, we assume that r G A or A*) there 
exists a nilpotent subgroup U C EU n (i?) such that pij (r) G [U, U] . 
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Proof. These are easy consequences of commutator formulas. For example, we 
have eia(r) = [ei3(l), e32(r)]. We choose U to be the subgroup generated by 
all elementary matrices e\3(x), 632(2/) with x,y G R. Since the commutator 
[^13(2;), 632(2/)] = ei2(xy) is central in U, it is clear that this is a nilpotent 
subgroup. Other cases are similar. For the group EU2n{R,h) and i ^ crj, the 
statement for Pij(r) is similar to that of ei2(r) in E n (R). When i = crj, for 
example pi^+iM with r G A*, we have identities 



by (4) and (2) of Lemma [4j Take £7 to be the subgroup generated by all 
unitary elementary matrices pi2(%), Pi3(y)i Pi,n+2{z), p2,n+2(p) with x,y,z G R 
and a G A*. This is also a nilpotent group by the commutator formulas for 
unitary groups in Lemma |H since the commutators of these matrices are all 



Our proof of Theorem [T] will be based on the following general fixed-point 
theorem, which is Theorem 5.1 in Farb |21) . 

Lemma 9. Let T be a finitely generated group, and let C — {Ti, T2, . . . , r r+ i} 
be a collection of finitely generated nilpotent subgroups ofT. Suppose that: 

(1) C generates a finite index subgroup ofT. 

(2) Any proper subset of C generates a nilpotent group. 

(3) There exists m > so that for any element g of any Ti there is a nilpotent 
subgroup N <T with g m G [N, N] . 

Then T has the strong property FA r _i. 

Proof of Theorem [3 We first prove that the elementary group E n (R) has the 
property FA„_2- If a group has strong property FA r , then so do all its quotient 
groups (cf. (2) of Lemma [T]). Therefore, we may assume that the ring R is the 
free noncommutative ring Z(xi, X2, • ■ ■ , x&) generated by elements Xi, x 2 . ■ ■ ■ , x^. 
For 1 < i < n — 1, let I\ be the subgroup generated by all matrices ei t i + i(x) 
with x G R. Denote by T n the subgroup generated by all matrices e n i(x) with 
x G R. Then the set C :— {Fi,r 2 , . . . ,r„} generates the whole group E n (R), 
as follows. Denote by (C) the subgroup generated by C in E n (R). By the 
commutator formulas in Lemma[3l when r G R and 1 < i < j < n, we have that 



Pi,n+i(r) 



Pl,n+2(-r)[pi2(l), P2,n+2(r)] 
[Pl3(l), P3,n+2(~r)] [pi 2 (l), P2,n+2{r)} 



upper triangular matrices. 



□ 



eij(r) 



[ei,i + i(r),e i+1 j(l)] = [e iii+1 (r), [e i+ i, i+2 (l), e i+2 ,j(l)] 
••. = [e M+1 (r),[... , e j-ij'(l)] • • • ] G (C) 



and 



eji(r) = [e jn (r),e ni (l)] = [e jn (r), [e„i(l), e M (l)]] G (C). 
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This checks (1) of LemmalHl It is obvious that (2) also holds. By Lemma[Hl the 
condition (3) holds as well for m — 1. Therefore, Lemma [9] implies that E n (R) 
has the strong property FA„_ 2 . 

We prove the property FA„_i of the elementary unitary group EU2 n {R,h) 
as follows. The idea is the same as the proof for E n (R). For 1 < i < n — 1, let 
Tj be the subgroup generated by all pi ; i + \{x) with x G R. Denote by T n the 
subgroup generated by all p n ,2n-i(r)p n .2n(x) with r G R, x g A* and by r n+ i 
the subgroup generated by all p n+ i t 2{r)p n +i,i(x) with r G R, x G A. Let C 
be the set of subgroups {Ti, T 2 , . . . , r n+ i}. It is sufficient to check that all the 
conditions in Lemma [3] are satisfied. By Lemma [5J for any integer 1 < i < n— 1, 
the group Tj satisfies the condition (3). Note that for any r G R, x G A*, by 
Lemma [4] we have that 

Pn,2n-l(r)Pn,2n(x) = Pn,2n-1 {r ~ x) [p n ,n-l (1) , Pn-l,2n-l (%)} 

= [Pnl(r - a;),pi i 2n-l(l)][Pn,r 1 -l(l),/5r 1 -l,2n-l(2;)]- 

Therefore, any element of the group r„ lies in the commutator subgroup of the 
nilpotent subgroup generated by all matrices p n i(ri), p n ,n-i{r2), Pi,2n-i( r 3) 
and p„„i ! 2n-i(a;) with ^^2)^3 G R and x G A*. A similar argument shows 
that r n+ i satisfies the condition (3) as well. We now check the condition (1). 
Denote by (C) the subgroup generated by C in EU2n(R,A-). According to the 
commutator formulas in Lemma |4l for any r £ ]J and 1 < i < j < n we have 
that Pij(r) G (C) and 

Pi,2n{r) = [/Oi,„-l(l), jO n _i,2nW] e ( C> )- 

Note that /9^ 2rl (r) = p„ >n+ j(— e*r*). When l<i<n<j<2n with i ^ n — j 
and r G R, we have that 

fti(r) = [pin(l),Pnj(r)} G (C). 

Since all the matrices pi^i{x) can be generated by Pij(l) with i ^ aj and 
Pn,2n{x) (cf. (4) in Lemma 0]), we get that all the upper triangular elementary 
unitary matrices belong to (C). For any r G i?, 1 < i < 2n with i ^ n + 1, n + 2, 
we have that 

Pn+i,-i(r) = [/3„+i,2(r),p 2 ,i(l)] G (C). 

Note that for any r £ R and i / + 1, the matrix Pi.i(r) — p n +\^i(x) for 
some x £ R. Therefore for any r G i? and all 1 < i,j < 2n with i,j,ai,aj 
distinct and i, j n + I, we have 

pij(r) = [pa(l),pij(r)]. 

This proves that the subgroup generated by C is EU2 n (R, A) and the condition 
(1) in Lemma[9]is satisfied. It can be directly checked that condition (2) holds. 
Therefore, the group EU2 n {R, A) has property FA Tl _! by Lemma|Hl □ 
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Proof of Theorem [U Recall the stabilization of K\ from Lemma [51 When n > 
sr(iZ) + 1, the group E n (R) is normal in GL„(i?) and there is an isomor- 
phism GL n (R)/E n (R) -> K^R). When n > max{3,sr(i?) + 1}, the group 
E n (R) has property FA„_2 by Theorem [TJ By assumption, the quotient group 
GL n (R)/E n (R) = Ki(R) has property FA„_ 2 . Therefore, the group GL n (R) has 
property FA„^ 2 according to (3) of Lemma [TJ The second part for U^ n {R^ A) 
can be proved similarly using Lemma [7] and Theorem [TJ □ 



Proof of Corollary [TJ When G is finite and R is a Dedekind domain, the stable 
range sr(R[G\) < 2 (41.23 of [17], page 98). When R = Z, the abelian group 
Ai(Z[G]) is finitely generated of rank equal to the number of irreducible real 
representations of G minus the number of irreducible rational representations 
(Theorem 7.5 of [5], page 625). By assumption, we have that the group K\(Z[G]) 
is finite. By Lemma 2.1 in [3T], any finite group action on a CAT(O) space has 
a global fixed point and thus has property FA„_2- This finishes the proof by 
Theorem H □ 

In order to prove Proposition [TJ we need the following lemma, which was 
pointed out to the author by A.J. Berrick. This is a generalization of Lemma 
4.2 in [16] which is stated for R = Z. 

Lemma 10. Let n > 3 and R a general ring. Then any action of E n (R) on a 
finite set with less than n points is trivial. 

Proof. Let Sym(fc) be the permutation group of k elements. Any group action 
of E n (R) on a finite set of k elements corresponds a group homomorphism 

cp : E n (R) -> Sym(fc). 

When k < n — 1 and n > 5, the alternating group A n is simple and there is no 
nontrivial map from A„ to Sym(fc) by considering the cardinalities. Since A n 
normally generates E n (R) (cf. Berrick [8], 9.4), any map <p is trivial. For n = 3 
and n = 4, the triviality of ip follows from the fact that E n (R) is perfect and 
Sym(fc) is soluble. □ 



Proof of Proposition^ Let A be a uniformly finite CAT(O) cell complex. As- 
sume that the degree of each vertex is less N for some positive integer N. 
For an integer n > max{dim(X) — 2,3}, let G be a copy of E n {R) sitting in- 
side of E(R) (or inside of EU (R, A) by the hyperbolic embedding defined by 
A i — > diag(A, A*^ 1 )). We may assume that n > N. By Theorem [TJ there is 
a fixed point xq S X under the G-action. Denote by Fix(G) the set of fixed 
points of G-action in X. Then G acts on the link of xo, which is a finite set 
with less than N elements. By Lemma QJJ the group G action is trivial, which 
shows that any neighbor of xq is also in Fix(G). Therefore, the group G acts 
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trivially on all vertices of X. According to the commutator formulas in Lemma 
[3] and Lemma [3 the group E(R) and EU(R,A) are normally generated by G 
and hence act trivially on the whole space X. □ 



Proof of Corollary^ It is proved by Farb in Theorem 1.7 and Theorem 1.8 of 
[21] that any group T with property FA„_! is of integral n-representation type. 
Then the corollary is a direct consequence of Theorem [TJ □ 

4.2 Group actions on spheres and acyclic manifolds 

Recall that a group G action on a space X is effective if the subgroup that fixes 
all elements of X is trivial. In order to prove Theorem [31 we need two lemmas 
from Bridson and Vogtmann [15] . 

Lemma 11 ( |15j . Theorem 4.7). Let m and n be two integers with m < n — 1. 
Then the growp , n copies of groups of two elements, cannot act effectively by 
homeomorphisms on a generalized m-sphere over Z2 or a 7L2-acyclic (to + 1)- 
hmz 2 . 

If m < 2n — 1 and p is an odd prime, then Z™ cannot act effectively by 
homeomorphisms on a generalized m-sphere over Z p or a Z p - acyclic (m + 1)- 
hm Zp . 

Lemma 12 ([15]. Lemma 4.12). Let X be a generalized m-sphere over 7L-2 or 
a Z2- acyclic (m + l)-hm% 2 and G be a group acting by homeomorphisms on X . 
Suppose G contains a subgroup P = Z2 x Z2 all of whose nontrivial elements are 
conjugate in G. If P acts nontrivially, then the fixed-point sets of its nontrivial 
elements have codimension to > 2. 

Proof of Theorem We only give the proof of group actions on generalized en- 
spheres, while that of group actions on acyclic homology manifolds is similar. 
Suppose that E n (R) acts by homeomorphisms on some generalized d-sphere X. 
This means that there is a group homomorphism / : E n (R) — > Homeo(A). We 
prove (a)(i) in two cases. 

(1) The characteristic of R is 2. 

When n = 3, the elements ei2(l), ei3(l) generate a subgroup which is iso- 
morphic to G :— Zj in E n (R). Note that ei2(l) and ei3(l) are conjugate by a 
permutation matrix and that 

ei2(l)ei 3 (l) = e 2 3(l)ei 2 (l)e 2 3(l). 

We conclude from Lemma [T^] that if the action of G is not trivial then the fixed- 
point set of any nontrivial element is at least of codimension 2. Since d < 1, 
this shows that the action of G is free. However, a classical result of Smith 
says that Z p x Z p cannot act freely on any generalized sphere over Z p for any 
prime number p (cf. [33] ). This implies that the action of G is trivial. By the 



17 



commutator formulas in Lemma [31 the group E n (R) is normally generated by 
G. This shows that the action of E n (R) is trivial. When n > 4, the matrices 
e ij(l) (1 < « < n/2, n/2 < j < n) generate an abelian group Zj, where in 
general k > n. By Lemma[Tll the action of Z2 is not effective on the generalized 
d-sphere X over Z 2 . Choose a nontrivial element MeZj acting trivially on X. 
Without loss of generality, we may assume that M = ei„(l). By the commutator 
formulas in Lemma [3j again, the group E n (R) is normally generated by such M . 
This shows that the action of E n (R) is trivial. The same argument with cc,j(l) 
instead of eij(l) show that any action of St„(i?) on X is also trivial. 

(2) The characteristic of R is not 2. 

Let A12, A23, . . . , A„_i.„ be the elements in E n (R) defined in Lemma[5] By 
LemmaO they generate a subgroup which is isomorphic to Z%~ . Suppose that 
we can find a noncentral element A of E n (R) in ZJJ _1 such that the action of A is 
trivial. According to Theorem HI the normal subgroup generated by A contains 
the subgroup E n (R,2R). Note that the action of any element in E n (R,2R) is 
trivial. When 2 is invertible in R, we have that E n (R,2R) — E n (R). This 
implies that any element in E n (R) acts trivially on X. When 2 is not invertible, 
the action of E n (R) factors through that of E n (R) / E n (R, 2R). Note that there 
is a commutative diagram 

1 ->• St n (i?, 2R) -> St„(i?) St n (R/2R) 1 

l^E n (R,2R) -> -> E n (R)/E n (R,2R)^l : 

where the two horizontal sequences are exact (for the exactness of the first 
one, see Lemma 13.18 and its proof in Magurn [26]). Then the action of 
E n (R)/E n (R,2R) on X can be lifted as an action of St n (R/2R). Since the 
quotient ring R/2R is of characteristic 2, this case is already proved in case (1). 
Therefore, it is enough to find such element A in Zj -1 such that the action of 
A is trivial. It is not hard to see that for each integer 1 < i < n — 2, the ele- 
ments A ii+ i, A i+ i i+2 and A ii+ iA i+ i i+ 2 are conjugate by some permutation 
matrices. We will finish the proof by induction on n (cf. the proof of Theorem 
1.1 in Bridson and Vogtmann [T5]). 

When n — 3, using a similar argument as that of case (1), we see that 
the group generated by Ax2 and A23 cannot act effectively on the generalized 
d-sphere X. Therefore such element A exists. 

When n = 4, if the action of A12 is trivial, we are done. Otherwise, Lemma 
Q2] and Lemma [5] show that the fixed-point set Fix(Ai2) of A12 is a generalized 
sphere over Z2 of dimension (note: the fixed-point set is not empty). Then 
the abelian group Z2 generated by A 23 and A 3 4 acts on Fix(A 12 ). By Lemma 
111! there exists a nontrivial element 7 with trivial action on Fix(A 12 ). Since 7 
and A 12 are conjugate, we have that Fix(y4 12 ) = Fix (7). By Theorem 4.8 in [T5] . 
A\2 and 7 have the same image in Homco(X). If 7 ^ A34, A\2~i~ x is noncentral 
in E n (R) and we can take A = A^j^ 1 . If 7 = the group homomorphism 
/ factors through 

/ : E n {R)/{±I n ) ->HomeopO. 
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In E n (R)/{±I n ), the images of A 12 ,A 23 , ei 2 (l)e2i(-l)ei2(l)e 3 4(l)e4 3 (-l)e 34 (l) 
and ei3(l)e3i(— I)ei3(l)e24(l)e42(— l)e24(l) generate an abelian group Zf. By 
Lemma 111! there exists a nontrivial element having trivial action on X. The 
preimage of such an element normally generates E n (R, 2R). By case (1), we are 
done. 

We now consider the general case when n > 5. If the action of A n _x,n is 
trivial, we are done. Otherwise, Lemma [T2l and Lemma [2] show that the fixed- 
point set Fix( J 4„_i ! „) is a generalized sphere over Z2 of codimension at least 
2. The elements in the subgroup E n _ 2 (R) in the upper left corner of E n (R) 
are centralizers of A n _i >n . By induction assumption, the action of E n - 2 {R) on 
Fix(j4 n _i iTJ .) is trivial. This shows that Fix(A„_i !?l ) C Fix(Ai 2 ). Similarly, the 
converse holds. This implies that f(Ai 2 ) = /(i„_i. n ) (cf. Theorem 4.8 in [15]). 
Take A = 4 n _i jn . This finishes the proof of (a). 

We prove (b)(i) as follows. Since E n -i(R) normally generates E n (R) when 
n > 2, it is enough to prove (ii) when n = 2k for some k > 2. Construct an 
abelian subgroup Z3 in E n (R), as follows. For each integer i (i = 1, 2, . . . , k), 
denote by Bi the matrix 

e 2 i-i,2i(l)e2i,2i-i(-l)e2t-i,2i(l)e 2 i,2i-i(— 1) S E n (R). 
For example, Bi looks like the matrix 

'-1 1 

-1 

In- 



It is obvious that each matrix Bi has order 3 and together they generate an 
abelian subgroup Z3 in E n (R). By Lemma HT1 for an integer d < 2k — 2 the 
group Z| cannot act effectively by homeomorphisms on a generalized <i-sphere 
over Z3. Without loss of generality, we may assume that the action of B\ is 
trivial. Note that 

[e 32 (l),£i] =e 3 i(-l)e 32 (2) 

and 

[e 3 i(-l)e32(2),e 12 (-l)] = e 32 (l). 

The matrix 632(1) normally generates the whole group E n (R). This shows that 
the group action of E n {R) is trivial. 

Now we prove (c). Suppose that the group EU 2n {R 1 A) acts by homeomor- 
phisms on a generalized d- homology sphere over Z2 or Z3. There is a group 
homomorphism E n (R) —t EU 2n (R, A) defined by the hyperbolic embedding 

A^diag(A, A*- 1 ) 

for any element A £ E n (R). By the commutator formulas in Lemma 01 we see 
that EU 2n (R, A) is normally generated by the image of E n {R). Since the action 
of E n {R) is trivial, the action of EU 2n (R, A) is trivial as well. □ 
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Remark 3. If the generalized spheres in Theorem [3] are smooth manifolds and 
the actions are smooth, the proof is much easier by noting the fact that Z fe 
cannot act effectively by orientation-preserving diffeomorphisms on a d-sphere 
for d < k — 1 (cf. the proof of Theorem 2.1 in [15 ). When we know that 
Theorem is true for i? = Z, the general- ring case can also be proved by using 
the normal generation of E n (R) by the image of _E„(Z). Our intent here is to 
avoid the Margulis finiteness theorem. Moreover, the proof given here works for 
Steinberg groups as well. 

Proof of Theorem [^J The strategy of the proof is similar to that of Theorem 
O We construct an abelian subgroup Z3 of EU2 n (R,A) as follows. For i = 
1,2, ... ,n, let 

Ci = p itn+ i(l)p n+ii i(-l)pi in+i (l)p n+ii i(-l) e EU 2n (R)- 

It is obvious that the order of Ci is 3 and the subgroup generated by Ci (i = 
1, 2, . . . , n) is Z3. The remainder of the proof of (i) is the same as that of (b)(i) 
in Theorem [3J □ 



Proof of Corollary Let E n -i(A) act on the space M n_1 by matrix multipli- 
cations. According to Theorem [3] a(ii) , the image of E n (R) in E n -i(A) acts 
trivially on K n_1 . This implies that the image in (i) is the identity matrix. The 
second part can be proved similarly by using Theorem |4] and considering the 
group Sp 2 („_ 1 )(A) action on the space R 2 ^™ -1 ). □ 



Proof of Theorem^ For the group E(R), the proof is similar to that of Lemma 

1 in [36]. The idea is as follows. For sufficiently large k, the abelian group Z§ 
cannot act effectively on the manifolds in Theorem [5] When the characteristic 
of R is 2, we take such Z§ as the subgroup in E{R) generated by eij(l) for 

2 < j < k + 1. By commutator formulas (cf. Lemma [3|), any nontrivial element 
in Zj normally generates E(R). This shows that the action of E(R) is trivial. 
When the characteristic of R is not 2, we take such Z^ as the subgroup generated 
by Ai^ + i defined in Lemma[5]for 1 < i < k. Any nontrivial element in such Z§ is 
noncentral in E(R). By Lemma [5) any noncentral element in such Z2 generates 
a normal subgroup containing E(R,2R). Therefore the action of E{R) factors 
through that of E(R/2R), which is already proved since the characteristic of 
R/2R is 2. 

For the group EU (R, A), note that there is a hyperbolic embedding E(R) — > 
EU(R,A) defined by A 1 — > diag(A, A*^ 1 ). The action of EU(R,A) is trivial 
since E(R) normally generates EU(R,A). □ 
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